Candidate Number

GOSFORD HIGH SCHOOL

2007
TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

MATHEMATICS EXTENSION 2

General Instructions: Total marks: - 120
* Reading time — Sminutes » Attempt Questions 1 -8
¢ Working time — 3 hours » All questions are of equal value

* Write using black or blue pen

« Board-approved calculators may
be used

» Each question should be started on
a new page.

« All necessary working should be
shown in every question




Question 1 (15 Marks)

a)

b)

d)

Find _[—A—dx

A9 —4x?
Find J.:x5 log, x dx
@) Find real numbers a, » and ¢ such that

8 _a +bx+c
(x+2)(x*+4) x+2 x*+4

(ii)  Hence show that J:ﬁ?m = %10g2 + %
x X

Use the substitution x=3siné to evaluate J-O:& © dxz)}.
—-X 2

Question 2 (15 Marks) Begin a New Booklet

a)

b)

d)

The zeros of (x~—1)(x+i) areobviously 1 and —i. These are not complex conjugates.
How do you explain this?

Let a=—1+i4/3

(i) Find the exact value of Ia:| and arg o

(i)  Find the exact value of &’ inthe form a+ib where a and b arereal.

Find the square roots of -5-12i inthe form a + ib.

Marks

The equation |z—1-3i+|z—9—3i|=10 corresponds to an ellipse in the Argand diagram.

(1) Write down the complex number corresponding to the centre of the ellipse.
(ii)  Sketch the ellipse, and state the lengths of the major and minor axes.

(iti)  Write down the range of values of arg(z) for complex numbers z corresponding
to points on the ellipse.



Question 3 (15 Marks) Begin a New Booklet Manrks
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The diagram shows the graph of y = f{x).

Draw separate half page sketches of:

0 y=Gey 2

@) y=+Ff® 2

Gi) ' =fx) 1

@) oy —— 2
£(x)

™ y=x) 2

b) (i) Prove that the tangent at a point (x,,y,) to xy=¢* is
Xy, +xy=2c 2

(11) P is a point of intersection of the rectangular hyperbolas

2
x*—y*=g® and xy=c’.

The tangent at P to the first hyperbola meets its asymptotes in A and C, and
The tangent at P to the second hyperbola meets its asymptotesin B and D. 4
Prove that ABCD is a square.



Question 4 (15 Marks) Begin a New Booklet
a) A particle P of mass m moves with constant angular velocity @ on a circle of radius 7.

Its position at time ¢ is given by:

x =rcosf
y=rsinf where f=w1t.
(i) Show that there is an inward radial force of magnitude mro” acting on P.

(i) A telecommunications satellite, of mass m, orbits Earth with constant angular
velocity @ at adistance r from the centre of Earth. The gravitational force

. . A .
exerted by Earth on the satellite is % where A is a constant.

2

By considering all other forces on the satellite to be negligible, show that

A
COZ
b) It is given that x, y, z are positive numbers. Prove that

(i) W +y*=2xy

(ii) W4y —xy—yz—zx=0

Multiply both sides of the inequality in (ii) by (x+y+z) to show
) £ +y’+77=3xyz

Deduce from (iii) or prove otherwise, that

(V)  (+y+)E+y 4z )29

c) The curve y = sin(x*) from x=0 to x=+/7 isrotated about the y-axis.

Sketch a typical cylindrical shell and use this method to find the volume formed.

y




Question 5 (15 Marks) Begin a New Booklet

a)

b)

Prove that if two polynomials P(x) and Q(x) have a common factor of (x-a)}, then 2
(x—a) is also a factor of P(x) — Q(x).

.Hence find the value of k if x*+x*—5x+% and x*-8x*+13x-2k havea 3

common double root. What is this double root?

6] Find the expansion of cos58 and sin58 in terms of powers of cos@ and sing . -

(ii)  Use the results of (i)} to obtain an expression for tan58 in terms of
of powers of cos@ and sind . Hence prove

_5tand-10tan’ 0+ tan’ &

tan 58 5 7
1-10tan” @+ 5tan” &

(iii)  Hence solve the equation  ¢° —5¢* —102> +10r*+ 5¢-1=0 3

Question 6 (15 Marks) Begin a New Booklet

a)

b)

A particle of mass m falls vertically from rest, from a point O, in a medium whose
resistance 1s mkv, where k is a positive constant and v its velocity.
(i) Obtain an expression for its velocity after t seconds. 3

An equal particle is projected vertically upwards from O with initial velocity u, in
the same medium. This particle is released simultaneously with the first particle.
(i) Show that the velocity of the first particle when the second particle is

where V is the terminal velocity of 5

momentarily at rest, is given by
Viu

the first particle.

A solid has as its base the circle x* +y*=a® in the xy plane. Find the volume of
the solid such that every cross-section by a plane parallel to the x-axis is a square 4
with one side in the xy-plane.

If m and n are positive integers and m st n, show that

b4
J; cosmxcosnxdx=0 3



Question 7 (15 Marks) Begin a New Boolklet

a) The curves y=cosx and y=tanx intersect at a point P whose x coordinate is «.
(i) Show that the curves intersect at right angles at P

1+J§

2

(i)  Showthat sec’a =

1
b) If U,= I(l ~-x*)'dx showthat U, = 2n nmt
; 2n+1
Hence evaluate U,
c) In the diagram, ABC is a triangle inscribed in a
circle. P is a point on the minor arc AB.
L, M, and N are the feet of the perpendiculars
from P to CA (produced), AB and BC
respectively.
(i) State a reason why P, M, A and L are concyclic
points.

(i1) State a reason why P, B, N and M are concyclic
points.

(iii)  Join BP, PA, LM and MN.

Use the three cyclic quadrilaterals to prove
that L, M and N are collinear,

Hint: Let «PBN= &



Question 8 (15 Marks) Begin a New Booklet

a)

b)

A

From a diagram, show that sinx<x<tanx if O0<x< 5

4

4 . 7r .4
Hence prove that _[" x'sinx dx < = .{° x* tan x dx.
0 283% o
- - a1
Solve for x tan” 3x — tan™ 2x = tan ‘g

A projectile is fired with velocity V , at an angle & to the horizontal, up a plane
inclined at an angle ac to the horizontal, (where « and V are constants).

Y

@ b4

W
”

Neglecting air resistance, and using g for acceleration due to gravity,

(i) Write down the equations of motion for the projectile.

(ii)  Show that the equation of the trajectory is

y = —Lz x* sec’d + x tand

2V

-

(ili)  Write down the equation of the inclined plane.

By solving simultaneously for x, and noting that R = xsecc ,

find an expression for the range R on the inclined plane.

2
(v)  Hence show that % _ (cos26 + sin28 tana) seca

4

(vi)  Find the value of 6 (interms of « ) which gives the maximum range.



STANDARD INTEGRALS

| cosax dx

sin ax dx

] rseczax dx

sec ax tan ax dx

. 1
JEZRE
I N
== gk
) Na?-x?
( 1
dx
o x2_a2
1
} V& + a?

],
= n+1

= [nx, x>0
I
= 7%, a=0

I .
= 7 sinax , az0

1

- a

L 0

= 7 tanax, a#
1 .

= 7 secax , az0
1 X

- = -1=

= g tant g, a=0

= lﬁ(x + \fxz + &2)

Inx=logex, x>0

. x#0ifn< 0

= cosax , a#0 -
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